Considering boundary conditions for black hole entropy in loop quantum
  gravity by Tamaki, Takashi
ar
X
iv
:0
70
7.
03
41
v1
  [
he
p-
th]
  3
 Ju
l 2
00
7
Considering boundary conditions for black hole entropy in loop quantum gravity
Takashi Tamaki∗
Department of Physics, Waseda University, 3-4-1 Okubo, Shinjuku, Tokyo 169-8555, Japan
(Dated: October 30, 2018)
We argue for black hole entropy in loop quantum gravity (LQG) by taking into account the
interpretation that there is no other side of the horizon. This gives new values for the Barbero-
Immirzi parameter (γ = 0.367 · · · or 0.323 · · ·) which are fairly larger than those considered before
(γ = 0.261 · · · or 0.237 · · ·). We also discuss its consequences for future experiments.
PACS numbers: 04.70.Bw, 04.30.Db, 04.70.Dy
I. INTRODUCTION
Black hole thermodynamics is one of the most exciting
arenas for those investigating quantum gravity. In par-
ticular, discovery of the microscopic origin of black hole
entropy in string theory has attracted much attention [1].
However, its understanding is basically restricted by the
perturbative formulation of string theory. As a result,
the origin of black hole entropy has been revealed only
for BPS black holes.
In this respect, the explanation of the origin of black
hole entropy in loop quantum gravity (LQG), which has
background-independent formulation, is stimulating [2].
This explanation was attempted based on spin network
formalism [3]. In LQG, it has also been reported that we
can avoid initial or final singularities in the universe [4]
and the singularity in black holes [5]. One of the draw-
backs in explaining black hole entropy is that there is a
free parameter called the Barbero-Immirzi parameter γ,
which is related to an ambiguity in the choice of canon-
ically conjugate variables [6]. This is why we can adjust
the parameter to obtain the relation that black hole en-
tropy S is equal to a quarter of the horizon area A, i.e.,
S = A/4. Thus, it is important to obtain a consensus
about how to count the number of degrees of freedom.
At present, various possibilities have been argued with
respect to this freedom [7, 8, 9, 10, 11, 12, 13]. However,
there is one possibility that has not been considered so
far. For example, general expressions for the area spec-
trum A are [14, 15]
A = 4piγ
∑√
2jui (j
u
i + 1) + 2j
d
i (j
d
i + 1)− jti (jti + 1) .
The sum is the addition of all intersections between a
surface and edges. Here, the indices u, d, and t mean
edges above, below, and tangential to the surface, respec-
tively (We can determine which side is above or below
arbitrarily). So far the number of states of black holes
has been discussed based on the simplified area spectrum
(jui = j
d
i := ji and j
t
i = 0). Another interesting possibil-
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ity, however, is to take
jdi = 0 , (1.1)
to reflect the absence of the other side of the horizon [16].
It is assumed that a horizon (emerging classical null sur-
face) is a 2 dimensional surface that is tangential to the
selected edges. In the absence of a direct derivation of
the classical regime in LQG it is a legitimate speculation.
In this case, the area spectrum becomes
A = 4piγ
∑√
ji(ji + 1) , (1.2)
since we have jui = j
t
i := ji. This is important since
it would affect the number of states (and the resulting
Barbero-Immirzi parameter), which we discuss in this pa-
per.
Our motivation using (1.1) is based on the calculation
in the entanglement entropy approach [17, 18]. I.e., if we
express the wave function Ψ by a product as
Ψ := ΨOΨHΨI, (1.3)
where the indices O, H, and I mean outside, at, and in-
side the horizon, respectively, then, we can construct a
density matrix. Since the inside of a black hole is inac-
cessible for an asymptotic observer, one traces over ΨI
to calculate entropy [19]. This means that we can de-
termine black hole entropy independent of the inside of
the horizon. This view point sometimes appears as a
holographic principle [21] and is expressed in AdS/CFT
corespondence [22]. Stimulated by this insight, we pro-
ceed by assuming that a black hole area is independent
of the spin inside the horizon. (Note also that the tan-
gential edges stay tangential for an asymptotic observer.
This is important for (1.2) and is self-consistent with the
assumptions mentioned above.) Of course, this implic-
itly assumes a relation between the area and the entropy.
Thus, it is crucial to consider a method to justify its con-
sequences. This is discussed in the final section.
This paper is organized as follows. In Sec. II, we sum-
marize and reconsider the framework [2] (which we call
the ABCK framework.) that is necessary in counting the
number of states of black holes. In Sec. III, we deter-
mine the number of states. In Sec. IV, we summarize
our results and discuss their meaning.
2II. CONSIDERATION OF THE ABCK
FRAMEWORK
Here, we briefly introduce and consider the ABCK
framework in Ref. [2]. One usually considers the event
horizon, which is determined after the complete evolution
of space-time, when one describes black hole thermody-
namics. Thus, it would be too restrictive to establish a
thermodynamical situation in which the system is iso-
lated. To explore this idea appropriately, the isolated
horizon (IH) is defined in the ABCK framework. The
main difficulty in defining IH is to establish the surface
gravity or black hole thermodynamics when, in general,
there is no global Killing field. For details, see [23]. Be-
cause of the requirement at IH, we can reduce the SU(2)
connection to the U(1) connection. Using the curvature
Fab of the U(1) connection, we can express the boundary
condition between IH and the bulk as
Fab = −2piγ
A
Σiabri , (2.1)
where A is the area of IH. Σiab is related to a triad density
Eai as
Eai = γη
abcΣbci , (2.2)
where ηabc is the Levi-Civita 3-form density. Σiab is its
pull back to IH and ri is unit normal. (2.1) plays an
important role in determining the condition (iv) below.
Usually, we consider the Hilbert space using the spin
network in LQG. When there is IH, we decompose the
Hilbert space as the tensor product of that in IH HIH
and that in the bulk HΣ, i.e., HIH ⊗HΣ.
First, we consider HΣ. Using edges having spin
(j1, j2, · · · , jn) which pierce IH, we can write HΣ as the
orthogonal sum
HΣ =
⊕
ji,mi
Hji,miΣ , (2.3)
where mi takes the value −ji, −ji + 1, · · ·, ji. This is
related to the flux operator eigenvalue emis′ that is normal
to IH (s′ is the part of IH that has only one intersection
between the edge with spin ji.)
emis′ = 8piγmi . (2.4)
Then, when we argue the possibility (1.1), it is natural
to restrict as mi > 0 since mi < 0 corresponds to the
flux operator eigenvalue inside the horizon. Basically,
constraints in the bulk do not affect the number counting,
as shown in [2]. The area operator eigenvalue Aj should
satisfy [24]
(i) Aj = 4piγ
∑
i
√
ji(ji + 1) ≤ A . (2.5)
Next, we consider HIH. We have, in general, difficulty
in constructing HIH. However, if we fix the horizon area
A as
A = 4piγk , (2.6)
where k is a natural number, which is called the level
of the Chern-Simons theory, we can construct HIH using
a function which is invariant under the diffeomorphism
and the Zk gauge transformation, i.e., a “quantized” U(1)
gauge transformation. In addition to this condition, it is
required that
(ii) we should fix an ordering (j1, j2, · · · , jn). (2.7)
At IH, we do not consider the scalar constraint, since the
lapse function disappears. As a result, HIH is written as
an orthogonal sum similar to (2.3) by eigenstates Ψb of
the holonomy operator hˆi, i.e.,
hˆiΨb = e
2piibi
k Ψb . (2.8)
From the quantum Gauss-Bonnet theorem that guaran-
tees that IH is S2, we require
(iii)
n∑
i=1
bi = 0 mod k . (2.9)
Finally, we should consider the quantization of the
boundary condition between IH and the bulk (2.1). Since
only the exponential version exp(iFˆ ) is welldefined on
HIH, we consider
(exp(iFˆ )⊗ 1)Ψ = (1⊗ exp(−i2piγ
A
Σ · r))Ψ , (2.10)
where Ψ expresses the state in HIH ⊗HΣ. From this, we
have
(iv) bi = −2mi mod k . (2.11)
All we need to consider in number counting is (i)-(iv).
III. NUMBER COUNTING
Here, we consider number counting based on the
ABCK framework. If we use (iii) and (iv), we obtain
(iii)
′
n∑
i=1
mi = n
′
k
2
. (3.1)
In [8], it was shown that this condition is irrelevant in
number counting. Thus, we perform number counting
concentrating only on (i) and (ii) below. There are
two opinions in number counting. The one adopted in
the original paper [2, 7, 8] counts the surface freedom
(b1, b2, · · · , bn). The second counts the freedom for both
j and m [10, 11, 13]. Here, for simplicity, we base our ar-
gument mainly on the second possibility. We can perform
this calculation in a manner quite analogous to [13]. The
only point in which care must be taken is that we should
include the condition mi > 0 (or equivalently bi < 0).
Thus, each ji has freedom ji for the ji integer and the
ji+1/2 way for the ji half-integer. They are summarized
3as [ 2j+12 ], where [· · ·] is the integer part. We define N(a)
(a := A8piγ ), which is the number of states accounting for
the entropy as
N(a) :=
{
(j1, · · · , jn)|0 6= ji ∈ N
2
,
∑
i
√
ji(ji + 1)
2
≤ k
2
= a
}
. (3.2)
Then, we obtain the recursion relation
N(a) =
{
N
(
a−
√
3
4
)
− 1
}
+
{
N
(
a−
√
2
2
)
− 1
}
+ · · ·+
[
2ji + 1
2
]{
N
(
a−
√
ji(ji + 1)
2
)
− 1
}
+ · · ·
+[
√
16a2 + 1 + 1] . (3.3)
The factor [ 2ji+12 ] in this formula comes directly from the
freedom of ji. If we use the relation
N(a) = Ce
AγM
4γ , (3.4)
where C is a constant, we obtain
1 =
∑
ji=Z/2
[
2ji + 1
2
] exp(−piγM
√
ji(ji + 1)) (3.5)
by plugging (3.4) into (3.3) and taking the limit A→∞.
Then if we require S = A/4, we have γ = γM = 0.367 · · ·.
Quite analogously, if we count the surface freedom, we
obtain
1 =
∑
j=Z/2
exp(−piγM
√
j(j + 1)) , (3.6)
where we have γM = 0.323 · · ·. Importantly, these are
fairly larger values compared with those of [7, 8, 9, 10,
11, 12, 13].
IV. CONCLUSION AND DISCUSSION
In this paper, we have considered condition (1.1) to
derive the number of states of black holes in the ABCK
framework. As a result, we obtained two values of the
Barbero-Immirzi parameter according to how the free-
dom is counted. Importantly, these are fairly larger val-
ues compared with previous results [7, 8, 9, 10, 11, 12,
13].
What are the consequences of this result? The first one
is related to cosmology [25]. If we assume isotropic and
homogeneous universe, we can write the effective inverse
cube of scale factor as
(a−3)eff = a
−3fl(q)
3/(2−2l) ,
where
fl(q) = 3q
1−l/(2l)
{
(l + 2)−1[(q + 1)l+2 − |q − 1|l+2]−
(l + 1)−1q[(q + 1)l+1 − sgn(q − 1)|q − 1|l+1]} ,
and where q = a2/a2
∗
(a2
∗
= γl2plj/3). j and l are the spin
and the ambiguity in quantization. We can argue infla-
tionary scenario using the following scalar field effective
action
HM =
(a−3)eff
2
p2φ + a
3V (φ) .
Thus, the result certainly depends on the value of the
Barbero-Immirzi parameter. This would affect the ther-
mal fluctuation in the universe, and might be seen by,
e.g., PLANCK.
As other possibilities, we can also discuss particle ve-
locity and its dependence on the Barbero-Immirzi pa-
rameter [26], or discuss the evaporation process of black
holes [27]. Thus, the value of the Barbero-Immirzi pa-
rameter should also be certified in future experiments.
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